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Abstract. Nitrogen fixation plays a vital role in enhancing crop yields, yet its
inefficient utilization remains a critical challenge in sustainable agriculture. In
sunflower oil production, imbalances in nitrogen availability can lead to reduced
growth and oil quality, necessitating effective management strategies. To address
these challenges, we have developed a newly proposed mathematical model using
a system of ordinary differential equations that has been studied both analytically
and numerically. Positivity and boundedness of the model’s solution, stability at
the equilibrium points, and characteristics with respect to state variables have
been studied as some parts of the analytical solution. Also, the numerical solution
has been done using the Runge—Kutta 4th order technique. The findings of this
study reveal that both excessive and insufficient nitrogen application can nega-
tively impact the expected oil production from sunflower crops as well as main-
taining soil pH within the standard range, which is essential for rising oil yield.
Furthermore, the results indicate that applying nitrogen fertilizer at half the rec-
ommended rate between 30" and 40" days, followed by the full rate between the
40" and 50'" days, results in the same expected oil production as applying the full
recommended amount evenly throughout the period 30" to 50'* days. Therefore,
this study emphasizes the need for precise nitrogen management methods to im-
prove oil production.

Nitrogen is essential for the production of sunflower oil because it affects both the quantity and

quality of the oil that can be extracted from the seeds. However, the excessive use of synthetic nitrogen
fertilizers in agriculture has led to significant environmental problems, including soil degradation,
water pollution, and greenhouse gas emissions. This problem highlights the importance of finding
more sustainable ways to grow sunflowers, such as using mathematical modeling to improve nitrogen
fixation, thereby balancing ecological health and agricultural productivity. These methods can boost
oil production while minimizing the harm to the environment, which will be good for both farmers
and ecosystems in the long run [1, 2].

Sunflower (Helianthus annuus), a flowering plant in the Asteraceae family, is grown worldwide
for its oil-rich seeds. Although its primary purpose is to produce oil, it is also prized for its beauty
and edible seeds. Originally native to the Americas, sunflowers are now grown in temperate climates
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around the world, including Europe, Asia, and Africa [3, 4]. In addition to their beneficial oil con-
tent, sunflower seeds are incredibly nutrient-dense, providing a wealth of proteins, fibre, vitamins,
and minerals [5, 6]. Notably, sunflower oil is recognized for its high concentration of polyunsaturated
fatty acids and vitamin E, both of which are linked to various health benefits that positively contribute
to overall well-being. In fact, research has shown that sunflower oil has the potential to lower choles-
terol levels, reduce the risk of cardiovascular diseases [7, 8]. Furthermore, recent market analyses
indicate that the global sunflower oil market continues to expand steadily due to increasing demand
for healthier vegetable oils and plant-based products [9].

Although sunflower seeds are an excellent source of nutrients, the nutritional value of sunflower
crops is often affected by the use of excessive nitrogen fertilisers and pest infestations. These factors
not only lead to reduced yield and poor oil quality but also cause significant environmental harm
[10, 11]. In particular, pests such as the sunflower seed weevil can significantly damage sunflower
crops, affecting both seed quality and the oil extraction process [12, 13]. Although many studies have
focused on various pest control methods, including the use of chemical pesticides, these approaches
have raised concerns about their negative impact on both the environment and human health [14, 15].
Consequently, there has been growing interest in exploring alternative, sustainable pest control meth-
ods, such as biological control, which aim to reduce reliance on chemical pesticides while preserving
crop yields and improving oil quality [16, 17].

Several studies have explored the effectiveness of biological control in sunflower cultivation.
For example, natural predators and parasitoids have been shown to suppress pest populations with-
out causing environmental harm [12]. Additionally, plant-based biopesticides and ecological pest-
management techniques can reduce pest infestation while improving sunflower yield and oil content
[16, 18]. Mathematical modeling approaches based on predator—prey interactions have also been used
to analyse the dynamics between pests and their natural enemies, helping to support the development
of integrated pest management strategies for sunflower cultivation. One widely used framework for
describing such biological interactions is the Lotka—Volterra equations, which provides a theoretical
basis for studying pest—predator population dynamics in agricultural ecosystems.

However, despite these advances, few studies have explored the role of nitrogen fixation in
optimising sunflower oil production, primarily through the use of mathematical models. There is also
limited research on integrating sustainable nitrogen management to achieve higher yields and better
oil quality. This gap in the literature motivated our study, which uses a system of ordinary differential
equations (ODEs) to model nitrogen fixation and its effects on sunflower growth and oil yield. By
optimising nitrogen use while not considering the impacts of pest control, disease and soil dynamics,
our model aims to maximise oil production and improve the sustainability of sunflower farming.

This study contributes to the field by developing a mathematical model that combines nitrogen
fixation and crop yield optimisation. Through this innovative approach, we aim to reduce the reliance
on chemical fertilisers and pesticides while increasing sunflower yield and oil quality. Therefore, this
research not only addresses gaps in the existing literature but also provides valuable insights into
sustainable farming practices that can benefit both farmers and the environment.

The rest of the paper is organised as follows: Section 2 illustrates the model formulation with the
help of the system of ODE, where Section 3 demonstrates the different types of analytical behaviour
of the model. After that, the numerical simulation results and discussion are presented in Section 4.
Finally, Section 5 presents the main conclusions and discusses their implications.

2. Model Formulation

In this part of the article, we aim to develop a newly proposed mathematical model based on
agricultural literature, including [19-21], to analyze nitrogen fixation and its role in sunflower culti-
vation. Our objective is to improve sunflower seed and oil output by optimizing nutrient management
while taking into account the unique difficulties faced by Bangladeshi agriculture.
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In developing our model, we focus on three key state variables: Y (), which represents the sun-
flower oil production; N(¢), which denotes the nitrogen concentration in the soil; and pH(t), which
indicates the soil pH. These state variables interact dynamically to capture the influence of soil con-
ditions and nutrient availability on sunflower growth and oil yield. Thus, our mathematical model
integrates these interactions to describe the system’s behavior over time. The model has limitations,
even though it sheds light on nitrogen fixation and oil output. It assumes that nitrogen fixation is the
sole source of nitrogen fertilizer, while also ignoring biological effects such as pests and diseases. Ad-
ditionally, the model ignores soil dynamics, particularly in terms of microbial interactions and nutrient
cycling, which can affect the accuracy of the model under certain real-world conditions.

The production of sunflower oil Y (¢), is directly impacted by the levels of soil nitrogen N(7) and
the pH of the soil pH(r). In the absence of nitrogen fixation, soil nitrogen levels decrease due to
plant uptake and natural leaching processes. However, nitrogen fixation by soil bacteria can replenish
nitrogen levels, thus improving sunflower growth and oil yield. Furthermore, soil pH plays a crucial
role by affecting both nutrient availability and microbial activity. An imbalance in pH can hinder
nitrogen uptake, thus limiting the production of sunflower oil. In contrast, excessive use of chemical
fertilizers can alter the soil pH unfavorably, while organic fertilizers and microbial inoculants can
improve nitrogen fixation and stabilize soil pH, enhancing sunflower oil yield. Taking into account
these factors, the first differential equation will be formulated as follows.

dy
7 = oY +B(pH — pHo)(pHy — pH)Y + Y(N —No)(Ny — N)Y — 67, D
where a represents the rate at which photosynthesis contributes to sunflower oil production, and § is
the rate at which sunflower oil production decreases due to soil salinity.  represents the rate at which
soil pH impacts oil production, and y denotes the effect of nitrogen availability on oil production.

After this, the presence of nitrogen inside the soil is a significant factor contributing to its pro-
ductivity. The application of organic fertilizer provides the potential to increase nitrogen levels in the
soil. On the other hand, soil nitrogen declines as plants utilize it for crop growth and yield. The
entirety of this represents a mathematical equation,

AN _ | N—yny, 2
dt
where u is the rate at which nitrogen concentration increases due to organic fertilizer application,
whereas vy is the rate at which nitrogen is depleted due to sunflower growth and oil production.

Lastly, the soil pH is influenced by both organic and chemical fertilizers. The application of or-
ganic fertilizers typically increases soil pH, whereas chemical fertilizers such as gypsum and potassium
sulfate tend to lower it. So, our last equation will be
where p; is the rate at which organic fertilizers contribute to an increase in soil pH, and ¢ is the rate
at which soil pH decreases due to chemical fertilizers. Finally, our model equations will be,

dy
filY,N,pH) = e aY + B (pH — pHy)(pHy — pH)Y + Y(N — No)(Ny — N)Y — 37,

dN
fo(Y,N,pH) =

@y _ wNY
o UN — wNY, 4
dpH

f3(Y,N,pH):%:,U]—¢pH,

with the initial conditions Y (0) = Yy(z) > 0,N(0) = Ny > 0 and pH(0) = pH7; > 0.
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3. Analytical Analysis of the Model

3.1. Positivity and boundedness

Lemma 1. Considering Y(0) > 0,N(0) > 0 and pH(0) > 0, then Y (t), N(t) and pH(t) will be always
positive for all t € [0,T] in Ry where T > 0.

Proof. Taking all parameters of the system and all initial values to be positive, we have to prove that
Y(t), N(t) and pH () will be positive for all 7 € [0, 7] in R} . From the eq. (3), we can write as follows:

dpH

Sy — opH
dt Hi (PP )
dpH

—— > —0opH
5 = ~orH,
dpH

—— > —@dt.
pH — o

Integrating both sides we get,
InpH —InpH; > —¢t.

Then this result will show as

H
2> o,
PH;
ﬁ > e_¢t,
pH7 —

pH(t) > pHze %" > 0.

Again, from eq. (2), we can write

dN
E—I»LN—‘I/NK
dN
-y
o = H-VY)N,
dN
W*(H—Wy)df-

Integrating both sides we get, _
N(t) = Noett=¥ITdt g,

Since we have already found that N > 0, pH > 0 as well as
(pH — pHo)(pHy — pH) = p1 >0, (N —No)(Ny—No) =n; >0

Then from eq. (1)

dy

o= oY + B(pH — pHo)(pHy — pH)Y +Y(N — No)(Ny —N)Y — 6Y,
dy

o (a+Bpi+yn—90)Y,

ay

7 = (a+Bp1+7yn —8)dr.

Integrating both sides, we get,

InY(t) = (o + Bp1+ynm —6)t,
Y(t) — e((x+l3p1+yn178)t > O

These all complete the proof. [
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Lemma 2. The functions fi, f, and f3 are bounded within a closed interval [a,b).

Proof. We know that a function is said to be continuous on a closed interval [a,b] when the function is
defined at every point on that interval [a,b] and undergoes no interruptions, jumps or breaks.

From eq. (4), it is clear that all the functions f}, f> and f3 are not undefined for any point. So,
they must be defined for every point in an interval [a,b] as we perform for prediction by using this
model for 30-50 days. So for our model’s, a = 30 and » = 50. So, we can easily say that the functions
f1, f» and f3 are continuous within the closed interval or domain [a, ]

According to the boundedness theorem [22], a continuous function on a closed interval must
be bounded on that interval. So, our considering functions will also be bounded in the interval [a, b].
This completes our proof. n

3.2. Equilibrium analysis
By solving the following equation, we can obtain the equilibrium point of the model,

0= aY + B(pH — pHy)(pHy — pH)Y + Y(N — No)(Nf —N)Y — 37, (5)
0= uN — yNY, (6)
0= —¢pH. (7)

Solving the egs. (5) to (7), we get two non-negative equilibrium points E; and E;, where

3!
El = <0707 > ’
¢
E+E+T—T
g (p VT

v’ 2¢ o]
where,

No¢ +Nr¢ = &,

4(ap* + 89> + BripHrd — Bui — BpHopHr9?) = €1,
YNG®° +YN7 9> = 1,

27N0Nf¢2 =11,

which are positive under the condition € +¢&; + 7 > 1.

3.3. Status of expected sunflower oil

Using the next generation matrix method mentioned in [23], we will find the status of expected
sunflower oil Ry. To examine the dynamics of expected sunflower oil, this state variable is associated
with the discussion. We take

dy
= = aY + B(pH — pHo)(pHy — pH)Y 4 y(N — No)(Ny — N)Y — &Y.

Differentiating it with respect to Y, we get

; (dY) = a+BpH(pHy — pH) — BpHo(pHy — pH) + YN (Ny = N) = YNo(Ny = N) = 6,

dy \ di
c;iY (i;) = |+ BpH(pHy — pH) +YN(N; —N)| — [BpHo(pHy — pH) — YNo(Ny —N) — §].
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Therefore, at the equilibrium point (Y*,N*, pH*) two matrices M and D which represent increase and
decrease of expected sunflower soil are M = oo+ BpH (pH; — pH) + YN(Ny — N) and D = BpHy(pH; —
pH) — yNo(Ny — N) — 6. Then the status of expected sunflower oil Ry will be

M o+ BpH(pHy—pH)+yN(Ny—N)

Ry=—-= : (8)
D BpHo(pHy— pH) — YNo(Ny —N) — 6
Consequently, excepted sunflower oil will be raised if
o+ BpH(pHy — pH) + YN (Ny —N) > B pHo(pHy — pH) — YNo(Nf — N) — 8.
In contrast, excepted sunflower oil will be decreased if
o+ BpH(pHy — pH) + YN (Ny —N) < BpHo(pHy — pH) — YNo(Ny —N) — 8.
3.4. Stability analysis of the model
local stability
Theorem 3. (Local Stability Theorem) The dynamical system is unstable at equilibrium point E).
Proof. Firstly, we consider
NilY;N, pH) = &Y + B(pH — pHo)(pHy — pH)Y + (N — No)(Nf —N)Y — &Y =0, 9
A(Y,N,pH) = uN — wNY =0, (10)
fY,N,pH) = py —¢pH = 0. (11
For the egs. (9) to (11), the Jacobian matrix is
_ I, /0. /3)
d(Y,N, pH)
af 9f Ifi
oY ON 9pH
_|in o 9
JdY OJON JdpH |°
on oh I
Y ON dpH
¢+ B(pHpHy + pH? — pHopH) + Y(NN; +N* —NoN)  y(b—2N)Y  B(u—2pH)Y
J—= —yN U—yY 0 , (12)

0 0 —¢

where, ¢ = a — BpHypH; — YNo — 0, b = Ny + Ny and u = pH; — pHy. At the equilibrium point E; =
(0,0, %), the eq. (12) becomes

c+B(pHs+ (%) —pHo'y) 0 0
Jg, = 0 u 0
0 0 —¢

So, the characteristics equation is
[Jg, — M| =0,
c+B(8pHy+ (8P —pH) =4 0 0

0
0 u—A 0 =0,
0 0 —¢—2A
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et BUS P+ (5) = pHO) A 0 |
Hiyo Hi
(=4 - ¢)(C+ﬁ( L pHy +(¢) —PHo(p) A)(w—2)=0.
From this equation, it is clear that there are three different values of eigenvalue (1) and they are

M= —0,

Hiyo H
A =c+ ( pHyp+ pH )
2 B o P ((p )? — pHo~— s
=L

Thus, we see that all the eigenvalues are not negative, so our model is unstable at the equilibrium
point Ej. [ |

Theorem 4. (Local Stability Theorem) the equilibrium point E, is asymptotically stable provided condi-
tions yeyy(b—2e3)n < 0 and unstable otherwise.

E+E+HT—T
- (u Vs m)

Proof. At the equilibrium point

yv'oo20 ¢

Equation (12) becomes,

—VYer 0 0

c+Bi+n yb—2e)n Bu—2m1).n
.I ) — I
: 0 0 -0

where,

EFE+HT—T
251 \V Y

e =

97 2¢

So, the characteristics equation is

B = ﬂ]_] &2_1_]& =eoN Z_eoN, = pHy— pH
1= ¢Pf+ 0 po¢ , N =eNy+e; —eaNy, u= pHy— pHy,
lad
"4

\Jg, — 1| =0,
c+Bi+n—24 yb—2e)n Bu—-2m)n
—VYer —A 0 =0,
0 0 —p—A

(<A =9)(=(c+p1+1—A)A+yery(b—2e2)n) = 0.

Then we get,

which is negative. And

A = (c+Bi+n) £/ (c+Bi+n)2—4-1-yery(b—2ex)n

13

> (13)
The value of A, will be negative under conditions ye,;y(b—2e;)n < 0. This implies that the equilibrium
point E; is asymptotically stable and otherwise unstable. [
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3.5. Characteristics of states for equilibrium values with respect fo u

We will discuss the characterization of the equilibrium values of expected oil production, ni-
trogen, and pH with respect to y. From egs. (1) to (3) we obtain two functions of Y*, N* and u in

below:

SN 1) = (a+ pmm _5)Y+Y(N_N0)(Nf_N)Y7

where, m = % — pHy and m| = pHy — %
IfY* . N*p)  If(Y",N*,u)
JIN* u
N dg(Y* . N*.pu)  dg(Y*.N*.u) Jf dg _ df dg
ars N au INJIL — JuIN
du — |ofr N ) df( N )| 9fdg _ 9f dg”
H v IN Y IN ~ ONJY
Jdg(Y* . N*.pu)  dg(Y™.N*.u)
v+ N

B Y(N; —2N* +Ny)N*
o+ Bmm’ — &+ y(N* —No)(Ny — N*) + yWN*(Ny — 2N* +No)

It is clear that the numerator is positive under the condition Ny + Ny > N* and under the conditions
o+ Bmm’ > & and N* > N, the denominator is also positive. .-, ‘% > 0 which shows that Y* is increasing
when u is increasing. Again,

IfY*.N*.p)  If(Y*.N*u)
u Iy
. |s0Ntw) s N )| af dg _ af dg
_dN* o Y JuIY — Iy du
: Af(Y* N*, df(Y* N*, df dg _ df dg’
du AU N) IR0 N )| 9L 3e 3T 9%
Jdg(Y*.N*.u)  Jg(Y™.N*.u)
v IN*

_ [oc+ Bmm’ — & + y(N* — No) (Ny — N*)N”]
o+ Bmm’ — 8+ Y(N* — No)(Ny — N*) + yyN*(Ny — 2N* +Ny)

Since, the numerator is positive and denominator is also positive under the previous condition. .-
ddiu > 0, which indicates that N* is increasing when u is increasing.

4. Numerical Simulations and Discussion

To analyze our newly proposed mathematical model, we have used MATLAB (R2018a). The
fourth-order Runge-Kutta method and the parameter values obtained from Table 1 were both used to
solve the system. In order to solve the model numerically, we used a number of different parameter
values. Our research is related to the following table, which shows a set of logical parameter values
taken from Table 1. This set of values was found in a collection of data [24-28]. As an additional point
of interest, we have assumed several parameter values by utilizing this collection. In our country, it
is predicted that the yield of sunflower per hectare varies between 1.5 and 1.8 tonnes, depending on
the nitrogen level per hectare, which ranges from 0.09 to 0.12 tonnes, and the pH level, which lies
between 6 and 7.5. Therefore, we have taken into consideration the initial values of the variables
for our model analysis, which are Y (0) = 1.6 Ton/Hectare, N(0) = 0.12 Ton/Hectare, and pH(0) =7.5,
respectively.

4.1. Parametfric Variation of the State Variables

Figure 1 shows how state variables change with u, the rate at which organic fertilizer boosts soil
nitrogen. While most plants tend to benefit from increased fertilizer application, sunflowers behave
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Table 1. Description of parameters with values

Parameter Value Descriptions of the parameters Source
o 0.00068423 increasing rate of sunflower oil for photosynthesis Estimated
B 6.84225 x 10~3  rising rate of sunflower oil due to pH balance [26]
Y 17.1058 H2/T?  increasing rate of sunflower oil due to Nitrogen balance  [26, 27]
6 0.000001021242  reducing rate of sunflower oil due to soil salinity [27]
v 0.020425 H/T nitrogen conversion rate into sunflower oil [26]
u 0.0173611 increasing rate of nitrogen due to organic fertilizer Estimated
¢ 0.009921 decreasing rate of pH due to chemical fertilizer Estimated
o 0.0173611 increasing rate of pH due to organic fertilizer Estimated

differently. Excessive nitrogen in the soil hinders the achievement of optimal yield. Figure 1 has
two different figures showing the changes in expected oil production and the change in soil nitrogen,
respectively, due to different amounts of organic fertilizer. Figure 1a indicates that the sunflower oil

18 . . . 0.14
""" 1=0.00173611

1.75 | | === 1=0.0173611
f 1=0.0373611 f 0.12
= = ™
L_’ 17y — .,
o) X, CIC.) .'~.

S ~

% 1.65 ’*0‘. 2 o041 '.,...
g =
8 ‘v' =2 .'*a,
g 16~ . 3 e,
< . .
u . & 0.08 e

[ [nmmnn 1=0.00173611

.,
.
1.55 i — 1100173611 Mo
..,
.

14=0.0373611
1. ‘ ‘ ‘ 0.06 ‘ ‘
Sso‘h 35t 40t 45t 50t 30t 35t 40t 45t 50t
Time (Day) Time (Day)
() (b)

Figure 1. (a)The predicted oil production is subject to variation depending on the increase in the use

of organic fertilizer. (b) Increased use of organic fertilizer to enhance nitrogen content in
soil.

production reaches its peak when soil nitrogen levels remain within the standard range. Again, when
the nitrogen level exceeds the standard value, there is a consistent decrease in the expected sunflower
oil production in comparison to our predicted oil production. Additionally, the drop in nitrogen levels
in the soil leads to a decrease in 0il production. Figure 1b illustrates the variation over time of nitrogen
concentration in the soil. There is an overall decline in nitrogen content with random minor increases.
This occurs due to the sunflower plants’ ability to absorb nitrogen from the soil during their growth.
Subsequently, a decrease in the quantity of organic fertilizers results in a corresponding reduction in
the nitrogen content of the soil. Figure 1b additionally demonstrates that the utilization of organic
fertilizers marginally enhances the nitrogen content in the soil. Since, u only appears in the equation
governing the state variables Y and N, it does not directly affect the dynamics of pH. As a result,
variations in u have no influence on the evolution of pH. As we know, y refers to the increasing
rate of sunflower oil due to the Nitrogen balance. So the changes in y have some effects on the soil
nitrogen amount as well as the expected oil production, but it does not affect the soil pH as shown
in Figure 2c because there is no relation to pH with y. It can be seen from Figure 2a when ¥ rises
between the 30th and 45th day, the predicted oil production simultaneously rises; however, after the
45th day, sunflower oil production starts to decline dramatically. This happens because producing
sunflower oil is hindered by excessive nitrogen. Again, the variation of y results in a slight change
in soil nitrogen, as shown in Figure 2b. An increase in y causes oil output to rise, and nitrogen is
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Figure 2. (a) Sunflower oil production has increased as a result of the rising nitrogen rate. (b) Be-
cause of the production of sunflower oil, the nitrogen content of the soil falls. (c) There was
no change in the pH of the soil as a result of the rate having no relation to it.

needed for oil production. As a result, the nitrogen level eventually drops. In other words, a lower y
corresponds to a lower oil production Figure 2b. Consequently, there is more wasted nitrogen in the
soil, which raises the soil nitrogen level. Again, very high y indicates high nitrogen consumption and
oil production; in that scenario, the amount of nitrogen in the soil decreases slightly Figure 2b.

4.2, Phase Portrait

In this section, we will use the phase portrait obtained from simulations of our model to ex-
plain its qualitative behaviour. The relationship between soil nitrogen and sunflower oil is shown in
Figure 3a.

As the nitrogen level in the soil approached and then remained at the recommended standard,
the production of sunflower oil initially increased, demonstrating the positive impact of nitrogen on
the crop’s growth and seed oil content. However, once the optimal nitrogen level was reached, further
increases provided no additional benefit, indicating that a balanced and appropriate nitrogen appli-
cation is crucial for maximizing sunflower oil yields. Figure 3b suggests a direct correlation between
maintaining a specific pH level and maximizing sunflower oil yield. By keeping the pH within the
standard range, the oil production increases. Conversely, any deviation from this standard pH results
in a significant loss of oil. This implies that monitoring and maintaining the pH level is crucial for op-
timizing sunflower oil production and minimizing waste. Figure 3c shows that as the soil’s pH reaches
a standard level, the availability of nitrogen, a crucial nutrient for plant growth, increases. This occurs
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Figure 3. (a) There was an increase in sunflower oil until the nitrogen level remained at the standard
value. (b) There was an increase in sunflower oil till the pH level stayed at the standard
value; otherwise, there will be a loss in oil. (c) With the soil’s pH reaching a standard level,
the amount of nitrogen that is present in the soil increases.

because the optimal pH range fosters the activity of beneficial soil bacteria involved in both nitrogen
fixation and nitrification. Additionally, a balanced pH facilitates the decomposition of organic matter,
releasing organically bound nitrogen back into the soil. Consequently, by maintaining a favorable pH,
we not only ensure the optimal functioning of vital microbial processes but also create an environment
for maximizing the presence of this essential plant nutrient.

4.3. Opinion for Optimistic Production

The predicted yield of sunflower oil after a 30-day growth period is expected to be between 1.6
and 1.8 tonnes per hectare. Figure 4a shows that, when the amount of fertilizer applied is reduced
by half after the 1st 10 days, meaning the 40th to 50th day, then it will result in an extreme decrease
in oil production. On the other hand, the results from full fertilizer application during all the 20 days
(30th to 50th day) and the amount of fertilizer applied is doubled after the 1st 10 days, meaning the
40th to 50th day, (30th to 50th day), the expected oil production is the same. Therefore, applying half
fertilizer from the 30th to 40th day and making it double or applying the full amount is more profitable
for expected oil production. Figure 4b shows when the amount of fertilizer applied is reduced by half
after the 1st 10 days, meaning the 40th to 50th day, then the soil nitrogen level is also decreased.
The same way applying half fertilizer from the 30th to 40th day and making it double or applying the
full amount is more suitable for nitrogen level of the soil. As shown in Figure 4a, the utilization of
fertilizer yields higher profits when applied throughout the period between the 30th and 40th days.
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Figure 4. (a) Predicted sunflower oil differs depending on how fertilizer is used throughout time. (b)
The nitrogen content of the soil fluctuates over time in response to fertilizer application
techniques. (c) The pH of the soil changes over time depending on how fertilizer is applied.

Figures 4b and 4c demonstrate identical situations once again.

So, Figure 4 shows the importance of timing for fertilizer application in maximizing profits. It
suggests that applying fertilizer around the 30th to 40th day after planting leads to a more significant
increase in yield and, consequently, greater profit compared to other application times. This suggests
that the crop reaches a specific growth stage during this period where it is most receptive to the
benefits of fertilizer, resulting in optimal growth and higher yields.

Farmers can use this information to optimize their fertilizer use and maximize profitability, which
is of great benefit. Farmers can choose the right sort and amount of fertilizer for their crops. Based
on their knowledge of the nutrients that each crop specifically needs as well as the nutrients already
present in the soil. This results in reduced waste and improved yields, which increases profitability and
saves a substantial amount of money. With this knowledge, farmers can operate more profitably and
sustainably, which will eventually help them in the long run. However, Table 2 provides a comparison
of related studies and the present work, emphasizing the novel aspects and first-time contributions of
this study.

5. Conclusion

Nitrogen mismanagement remains a critical problem in sunflower cultivation, as both excess
and deficiency reduce yield and oil quality. This study investigates the optimal fertilizer application
for maximizing oil production by analyzing plant responses to nitrogen at different vegetative stages
through a mathematical model. Numerical analysis reveals that nitrogen must be carefully balanced
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Table 2. Comparison of related studies and the present work, highlighting its novelty

Study Methodology Focus area Novelty
Rashidi and Seilse- Field experiments and Nitrogen fertilizer efficiency Evaluates optimum nitrogen rates
pour [29] nitrogen application rate  and crop yield using empirical yield response,
analyses demonstrates efficiency effects un-
der different management regimes
Zeng et al.[30] Experimental and statis- Nitrogen fixation and crop Quantifies effects of nitrogen fixa-
tical modeling yield relationships tion on crop yield using regression
and path analysis
Imran et al. [31] Field experiments and Nitrogen fixation efficiency in  Estimates nitrogen fixation effi-
modeling on nitrogen legumes/cereals ciency across crop types, compares
fixation field and modeling results
Present study System of ODEs model- Mathematical modeling of ni- A newly proposed mathematical
ing nitrogen fixation and trogen fixation for sunflower model to investigate nitrogen fixa-
yield optimization oil production tion on sunflower oil yield as well as
identifying nitrogen management
strategies.

between the 30th and 50th day after planting the sunflower Figure 1. Excessive or insufficient fer-
tilizer results in reduced oil production, especially during this critical phase when the base of the
oilseed is formed Figure 4. We used MATLAB (R2018a) to identify equilibrium points and carry out
numerical solutions, demonstrating that maintaining nitrogen balance is key to optimizing sunflower
oil production.

From a societal perspective, this study provides valuable insights into nitrogen management,
which can significantly enhance sunflower cultivation in regions like Bangladesh. With the rise of
cardiovascular diseases (CVDs), partly driven by unhealthy diets, sunflower oil offers a healthier al-
ternative due to its high HDL (high-density lipoprotein) content, potentially addressing these health
concerns [32, 33]. Moreover, cultivating sunflowers not only improves public health but also fosters
economic growth, as the crop thrives in Bangladesh’s climate and supports various applications, in-
cluding food production and skin care. Furthermore, this research will also provide valuable insights
to farmers, enabling them to optimize fertilizer use, improve crop yields, and enhance the sustainabil-
ity of sunflower cultivation. Future work will improve the model by integrating bifurcation analysis,
optimal pest dynamics, and microbial soil interactions to better understand the factors that affect
sunflower oil production and promote sustainable agriculture in Bangladesh and similar areas.
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