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Abstract. A non-linear mathematical model is developed to describe the trans-
mission dynamics of COVID-19. The model’s well-posedness is verified by ana-
lyzing the positivity and boundedness of its solutions. Analytical expressions for
the disease-free equilibrium points are derived and the stability analyses of the
disease-free and endemic equilibrium points are conducted. A sensitivity analysis
of the model parameters with respect to the basic reproduction number (Ry) is
carried out to identify the key factors influencing COVID-19 transmission. Conse-
quently, the model is extended into an optimal control problem by incorporating
three time-dependent interventions: preventive measures (such as travel restric-
tions and personal protection), continuous vaccination of susceptible individuals,
and testing, isolation, and treatment of infected cases. Four control strategies,
each combining at least two interventions, are explored. The autonomous and
non-autonomous systems are analyzed. Numerical simulations indicate that im-
plementing the three control measures concurrently provides the most effective
strategy to mitigating the spread of COVID-19.

COVID-19 is an infectious disease caused by the SARS-CoV-2 virus, which can result in severe

acute respiratory syndrome (SARS). Some of the common symptoms of COVID-19 include cough, fa-
tigue, fever, and a loss of taste and smell. Others are body aches, headaches, persistent dry coughing,
intense chest pain, elevated temperature, and respiratory system complications are some of the symp-
toms of the disease. The disease can be transmitted through respiratory droplets, most commonly
when coughing or sneezing. COVID-19 was first reported in Wuhan, China, in 2019, the novel human
coronavirus 2019 (COVID-19) quickly spread throughout the world. Although a greater incubation
duration of 25 days has also been documented, the COVID-19 incubation period typically lasts be-
tween O and 14 days. The ratio of the death rate is lower than its recovery rate and fluctuates from
nation to nation and region to region [1].

There are multiple approaches to preventing the spread of COVID-19. The best practice among
them includes social distancing and self-quarantine. Scholars worldwide are concentrating their ef-
forts on providing some practical solutions to combat the pandemic. Getting vaccinated is a good
preventative measure against infectious diseases. To reduce the global incidence of COVID-19 infec-
tion, vaccination is crucial, as is the stringent application of non-pharmaceutical therapies [1, 2].

The first case of COVID-19 was confirmed in Nigeria on February 27, 2020, signaling the arrival
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of the pandemic in the country. Throughout the period of the outbreak of the disease in Nigeria,
the response efforts to mitigate the spread of COVID-19 were spearheaded by National Emergency
Operations Center (EOC) within the Nigeria Centre for Disease Control (NCDC). This central com-
mand closely collaborates with the State Public Health Emergency Operations Centres, fostering a
coordinated approach across different regions of the nation [1-4].

The global COVID-19 situation experienced a resurgence in cases even as deaths declined be-
tween July 10 and August 6, 2023. About 1.5 million new cases were reported worldwide during this
28-day span, marking an 80% spike compared to the prior 28 days. However, the death toll showed
a 57% decrease, with over 2,500 new fatalities recorded. While five of the World Health Organiza-
tion’s regions witnessed drops in both cases and deaths, the Western Pacific stood out by registering
an uptick in case numbers alongside a downward trend in mortality [5].

The latest epidemiological update from the World Health Organization shows encouraging signs
regarding the COVID-19 pandemic, though challenges persist. From February 5 to March 3, 2024,
reported global cases and deaths declined substantially compared to the previous 28-day period. The
SARS-CoV-2 variant JN.1 emerged as the predominant strain, comprising over 90% of sequenced
cases, while its parent lineage BA.2.86 waned. Hospitalizations and intensive care unit admissions
among reporting countries also saw notable decreases of 34% and 61%, respectively. However, dwin-
dling COVID-19 testing and genomic surveillance efforts worldwide have made comprehensive eval-
uation the pandemic’s trajectory increasingly difficult. While severity indicators like the proportion
of hospitalizations requiring ICU care or resulting in death have been improving, the reasons likely
stem from a number of factors including greater population immunity and enhancements to clinical
care capabilities. Nonetheless, gaps in monitoring underscore the persisting threats posed by COVID-
19 [5].

Many researchers have developed mathematical models in order to understand and investigate
the complex structure of the pandemic, and make useful recommendations that will help to contain
the disease [4, 6-58]. [1] proposed an optimal control problem (OCP) for combatting COVID-19
pandemic with four control measures: management control, detection control, personal protection,
and contact tracing and testing. The results indicated that combining all the four control measures at
the optimal levels is the most effective measure to reduce the disease burden [1]. [44] analyzed an
SEIRW COVID-19 model with respect to the continuous threat posed by the disease and the need for
efficient disease containment measures. The equilibria obtained from the model were examined by
conducting local and global stability assessments, providing important insights into the disease trans-
mission dynamics. The efficacy of suggested control strategies was evaluated through the application
of Pontryagin’s maximal principle (PMP) and numerical simulations. [45] assessed the effectiveness
of non-pharmacological control strategies in combating the COVID-19 pandemic. The implementation
of two interventions showed some positive effects in combating the disease. In addition, the results
indicated that the implementation of all the three strategies lowered the threshold of the disease,
although complete eradication of the virus was not achieved.

[46] employed the use of PMP to apply optimal and sub-optimal controls to SEQIJR SARS model.
The model takes into account two control variables that stand in for the isolation and quarantine tac-
tics. The outcomes of the numerical simulation showed that, in both optimal and sub-optimal control
scenarios, the early stages of the epidemic were crucial for the maximum implementation of isolation
and quarantine protocols. [47] developed an optimal control model to study the transmission dynam-
ics of COVID-19 and the important properties of the model, such as non-negativity, boundedness of
solutions, and the region of invariance were established. The significance of treatment, hand sani-
tizers, and face masks as control measures in the management of the disease were examined. The
results indicated that efficient control strategies could lower the fundamental reproduction number
(Ro), which could lead to the eradication of the disease when it is below unity. Based on the infor-
mation from the Nigeria Center for Disease Control (NCDC), the study emphasized the importance of
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Figure 1. Flowchart of the model

legislators and government agencies to put these policies in place and keep them up to date in order
to effectively fight COVID-19 in Nigeria [2]. [48] proposed a deterministic compartmental model for
the study of the transmission dynamics of the third wave of COVID-19 pandemic in Nigeria, incor-
porating optimal control measures. The study offered insights for future epidemic preparedness by
assessing the impacts of the control variables on the disease transmission. The model was further
developed into an OCP and analyzed through PMP. The theoretical results were validated through nu-
merical solutions, applying COVID-19 data from Nigeria. These results further showed the significant
impacts of these measures on reducing the disease spread, emphasizing the importance of their proper
implementation for successful disease control.

A COVID-19 model incorporating optimal control measures in the presence of vaccination was
formulated. The scenario without vaccination was also considered and the stability analyses for the
two scenarios were examined. Four control measures were proposed. An optimal control model was
developed based on these measures, and some mathematical results were obtained. The effectiveness
of optimal controls in reducing the number of infected individuals and improving population health
were demonstrated from the numerical simulations [38]. [49] presented a model for the dynamics of
COVID-19 pandemic and examined the effectiveness of vaccination in curtailing the disease. Various
vaccine efficacy levels were considered and the control measure scenarios were investigated through
numerical simulations. To achieve these results, optimal control theory was employed to obtain the
important optimality requirements. [50] proposed a SEIAPHR model to understand the dynamics of
COVID-19. This model classified infected individuals into three categories and they employed optimal
control approach to assess the effectiveness of the control strategies, demonstrating numerically that
these strategies can drastically reduce new infections. [51] developed a mathematical model for the
control of COVID-19, incorporating some control measures into the model. The findings revealed that
the controlled system had a significant impact when compared to situations without control.

The importance of World Health Organization’s vigilance in containing COVID-19 variants and
the necessity for predictive decision-making in allocating resources for public welfare are highlighted.
An efficiency analysis to derive an optimal control approach for curtailing COVID-19 transmission
in Akwa Ibom state, Nigeria was presented employing a deterministic epidemic model with three
time-varying control functionals: educational programs, vaccination, and treatment. An optimality
system, derived from PMP, was employed for the assessment, with forward-backward numerical so-
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lutions calculated using validated datasets from NCDC. The efficiency analysis identified Strategy I, a
combination of educational intervention and vaccination, as the most efficacious, with a 96% reduc-
tion in the infected sub-population was considered [3]. [52] formulated a mathematical model that
described the transmission dynamics of COVID-19, considering various population groups and their
interactions. An optimal strategy aimed at reducing virus transmission through awareness campaigns,
airport surveillance, and quarantine measures was incorporated into the model. The optimal controls
were determined by applying the necessary conditions of optimality on the optimal control model.
The results of the numerical simulations agreed favourably well with the theoretical findings. [53]
investigated population-wide policies to tackle the COVID-19 pandemic in India, highlighting the ur-
gent need for intervention. An SAIQJR model that incorporated various stages of infection, allowing
them to assess the pandemic’s progression and control strategies was proposed and analyzed. Opti-
mal control measures that combined pharmaceutical and non-pharmaceutical interventions, aiming
to reduce disease fatality and new infections were explored. The results from the numerical simu-
lations revealed the effectiveness of intervention strategies, particularly the combined application of
the controls, in controlling the transmission dynamics of COVID-19. [54] investigated the influence
of media coverage on the spread and control of COVID-19 through a comprehensive mathematical
model. The study revealed that effective management of quarantine and medical care could help to
curb disease prevalence. [55] opined that many barriers could affect effective management efforts due
to the limitations and problems associated with controlling COVID-19. These comprised variations in
vaccination rates, vaccine apprehension, unequal access to care, the appearance of novel variations,
pandemic exhaustion, international connectedness and travel, and pressure on healthcare systems.
To tackle these obstacles, comprehensive approaches were needed, taking into account public health
messaging, socioeconomic variables, and the use of mathematical modeling to direct interventions.

This study addresses the gaps by formulating a nonlinear seven compartmental optimal control
model that evaluates four integrated intervention strategies, each combining at least two of three time-
dependent controls, to determine the most effective approach for COVID-19 mitigation in Nigeria. Its
key contribution is a direct comparison of the triple-control strategy with three pairwise strategies
using Nigeria-specific parameters, offering evidence-based insights for optimal public health decision-
making.

2. Model Formulation

The total human population is divided into seven distinct groups: Susceptible (S), Vaccinated
(V), Exposed (E), Asymptomatic (A), Infected (I), Quarantined (Q), and Recovered (R). The force of
infection is defined as

A(t) = BIE + BoA+ B3I+ B4Q

The parameters f;,/ = 1,2,3,4 are as defined in Table 1. The flowchart for the proposed model’s
population dynamics is shown in Figure 1.
The proposed COVID-19 model is described as:

ds
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with the initial conditions
8(0) > 0,V(0) > 0,E£(0) > 0,A(0) > 0,1(0) > 0,0(0) > 0,R(0) > 0. 2)

Table 1. Model parameters and descriptions

Parameter Description

a Recruitment rate
u Natural death rate
1) Disease-induced death rate
(0] Rate of waning immunity
Bi Transmission rate from E(7)

B Transmission rate from A(r)
B3 Transmission rate from /(z)
Ba Transmission rate from Q(r)

p Vaccine efficacy
\% Vaccination rate of S(t)

Y Loss of vaccine-induced immunity rate
ol Progression rate from E(r) to A(t)
o Progression rate from E(¢) to I(t)
m Progression rate from A(¢) to I(t)
m Recovery rate of A(t)

\%| Quarantine rate of /(z)

) Recovery rate of (¢)

T Recovery rate of Q(r)

3. Analytical Results
3.1. The invariant region and positivity of solutions

Theorem 1. The region of system (1) defined by the set Q(t) is positively invariant with Q(t) > 0 € R’.
Proof. The total population is defined as

N=S+V+E+A+I+Q+R.

Thus,
dN _dS 4V dE dA dI dO  dR
dt dr dt dr dr dt dt dt’
Hence,
d—N<oc— N
dt — HA

The solution satisfies
(¢ —uUN) > Ae™ ™,

where A is the integration constant. Let N(0) = Np. Then,

(00— uNp) > A.
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Thus,
Hence,

Therefore, the invariant region containing the solutions of system (1) is given by
Q= {(S(t),V(t),E(t),A(t),I(t),0(t),R(t)) € R : N(¢t) < it
|

Theorem 2. If the initial values S(0) > 0
all t > 0, then the solution (S(t),V (¢

SN—
Sl
—~
-~
—_ O
—~
~
SN—
~
—~
~
SN—
1
—
=
—
-~
N—
S~—
@)
=
-
Pl
o
(V)
=
=
s
~
~
N—
~.
[V
=)
[}
[92)
~.
=
<
N
<
~.
=
<
Q
3
~.
Q
=
o

Proof. Assume that
P = sup{S(0) > 0,V/(0) = 0,E(0) > 0,A(0) > 0,1(0) > 0,0(0) > 0,R(0) > 0},

this implies that 7 > 0,
S(t) > S(o)e(—(V-FH)l—.fél(n)dn) >0, Vr>0.

where A(1) = B1E(1) + B2A(1) + B31(n) + B+ Q(n). Similarly,

V(t) > V(0)e (rtwi=(=p) s 2(mdn)
E(t) > E(0)e (ot otp))
At) > A(O)e_((rll-i-nz-i-,u)t)?

I

Thus, V¢ > 0, all variables of the model are positive. [ |

The invariant region and positivity of solutions ensure that every state variable remains non-
negative and bounded V¢ > 0 which is essential since population compartments represent real bio-
logical quantities that cannot be negative or unbounded. Biologically, this guarantees that the model
dynamics are epidemiologically meaningful and that conclusions such as stability and persistence cor-
respond to feasible disease behavior in the population.

3.2. Existence of equlibria
1. the disease free equilibrium point (DFE):
There are no infections at the DFE. Therefore, the number of infected individuals at this point is
zero. Thus, the DFE is obtained as

VO — E°=0,A°=0, I° =0, Q°=0,R°=0.).

&0 (SO _ a(n+7) 0 va
(L+v)(L+7y) —vy (m+v)(u+y) —vy
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2. the basic reproduction number
From the Diekmann-Heesterbeek-Metz Next Generation Matrix approach, the basic reproduction
number is defined as FV~! for system (1) [6-9]. This implies that

BiS® BaS® BiS® Pus’

0 0 0 0
F= 0 0 0 0 ’
0 0 0 0
k3 0 0 0
v —0] kg 0 0
-0, —Mm ks O

0 0 —vi kg
where

ki=v+u, k=y+Uu, k=0+0+U k=m+M+U,
ks=vi+w+0o+u, ks=1t+0+u, kr=w+pu.
Thus, R, is defined as:

Otkz
(kl k2 — V’}/) k3k4k5k6

Ry = (Blk4k5k6 + B201ksks 4 B3 (N1 01ks + kaO2ks) + Ba(M1vi01 + kg vy Gz)) :
Ry is influenced by several epidemiological contributions. The constant term ok, in the numer-
ator represents the recruitment of new susceptible individuals. The terms f;kskske and Brkske o
correspond to disease transmission from exposed and asymptomatic individuals, respectively.
Transmission from symptomatic infected individuals is captured by the terms B3nik¢o; and
Bsk4ke 0>, while the contributions 4m;v; 07 and B4k4Vv; 0, account for infection arising from quar-
antined individuals. Collectively, these terms increase the potential for disease spread whereas
the denominator of R, incorporates removal and progression rates that act to reduce the overall
transmission potential.

3. stability of disease-free equilibrium point

Theorem 3. The disease-free equilibrium point is locally asymptotically stable provided Ry < 1 and
unstable otherwise.

Proof. Let &° denote the DFE of system (1). At this point, there are no exposed or infectious
individuals, so E =A =1 = Q = 0. The Jacobian matrix of system (1) evaluated at &° can be

written as
-k » —B1S° —BoS° —B3S° —B4S° ®
v o~k —(1=p)BV’ —(1-p)BV® —(1—p)BV® —(1—-p)BV® 0
0 0 —kj3 0 0 0 0
JEY=1 0 o0 ol —ky 0 0 0 |,

0 0 (o) m —ks 0 0

0 0 0 0 \Z] —kg 0

0 0 0 P \2) T —k7
where k; >0, i = 1,2,...,7 represent the total outflow rates from the corresponding compart-

ments.
To establish local stability, consider the quadratic Lyapunov function

1
V(E,A,L,Q) = §(p1E2+pzA2+p312+p4Q2), pi>0.
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Its time derivative along solutions of the infectious compartments is

V= plE‘fo +p2Af7f + pglg +p4g% =x"PJsx,
where x = (E,A,I,Q)7, P = diag(p1, p2, p3, p4), and J s is the infectious submatrix of J(&Y).

By the Gershgorin Circle Theorem [59, 60], all eigenvalues of J , have negative real parts if the
natural outflow rates k; dominate the infection terms ;S° and (1 — p)B;V°, which is equivalent
to %, < 1. Therefore, V < 0 for all nonzero x, and the DFE is locally asymptotically stable.
Conversely, if Z, > 1, at least one eigenvalue becomes positive, rendering &° unstable. [

4. the endemic equilibrium point (EEP)
At the endemic equilibrium, the disease remains present in the population and all state variables
of system (1) are non-negative. In particular, the existence of a strictly positive infected class
I'* guarantees a unique endemic equilibrium whenever Ry > 1. The endemic equilibrium is
therefore given by
@(ol _ (S**,V**,E**,A**,I**,Q**,R**,) e ]Rzr

This equilibrium satisfies the population balance relation

dN(t) dX(t)
dt )3 dt

X€{S,V.EALQR}

Owing to the analytical complexity of system (1), all equilibrium components are expressed as
functions of the steady-state infected population I**.

o kskaks (1= pro) + k2) .
A (Mi01 +ke02) (1= p) (14 V) +k2)
- kskaks v ((1—pno) +k2) =
Ao ko) ((1—p)+k) (1—p)(1+V)+k)
o kaks I
Mol +koy (3)
A — O1ks I
N101 + k402
sk _ V1
0" = kzl ;
R O1kske + (V] + V2k6)(1'[161 +k462)1**'

ke(M101 +ka02)

Theorem 4. The endemic equilibrium point, denoted by &', will be globally asymptotically stable
in the feasible region if the basic reproduction number; Ry > 1.

Proof. To establish the global asymptotic stability of the endemic equilibrium &! = (§**,V**,
E** A I, 0™ R*"), we apply the Lyapunov-LaSalle invariance principle. Owing to the non-
linear and highly coupled structure of the model, we therefore construct a weighted quadratic
Lyapunov function with appropriately chosen positive coefficients. Define

C C C C C C
2 2 2 2 2 2 4)
F R,
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where ¢; >0, i=1,...,7, are constant weighting coefficients. Clearly, ¥ is positive definite with
respect to &' and radially unbounded in the feasible region Q.
Differentiating ¥ along the solutions of the system yields
T
V= Z c,-(xi —X;(*))'Ci,

i=1

where x; € {S,V,E,A,I,Q,R}. Substituting the model equations and using the equilibrium rela-
tions satisfied at &!, ¥ can be rearranged as

7
4/ = — Zciki(x,- —X?*)z + (K,
i=1

where k; > 0 denote the total removal rates from each compartment and % collects the cross-
product terms generated by infection and progression processes.
The constants ¢; are chosen such that all cross terms in % vanish. In particular, one may select

Cls** Cc30] 302
G=—3 G=—""— (5=—"—"—"—"+ ——,
E m+m+u Vi+v+d+u

with ¢ and ¢; defined analogously according to the balance of flows at &!. With these choices,
the derivative satisfies
¥ <0 forall (S,V,E,A,I,Q,R) € Q,

and ¥ = 0 if and only if
S— S V=V™ E—E" A=A [=I", Q=0 R=R"
Hence, the largest invariant set contained in
{(S,V,E,A,ILQ,R)€Q: ¥ =0}

is the singleton {&'}. By the Lyapunov-LaSalle Invariance Principle, every solution initiating in
Q converges to &' as t — o whenever Ry > 1. Therefore, the endemic equilibrium &' is globally
asymptotically stable. [ |

3.3. Global asymptotic stability analysis
The global stability of the DFE within Q € R, is obtained by denoting the system (1) by

ax(t)
N = R (), v 0),
) — 60x0),70)).60x(.0) =0

where X (1) = (S(7),V (), R(t)) comprises of the uninfected sub-populations and Y (r) = (E(t), A(z), 1(¢),

Q(t)) comprises of the infected and infectious sub-populations. The global asymptotic stability of the

DFE is guaranteed if Ry < 1 and the two conditions below hold:

 Condition I: For d}fh(t) =F(X(1),0), X* = (5%, V9, EO, A% I1°, Q°, R) is GAS, and

* Condition Il: G(X(),Y (1)) =AY (t) — G*(X(t),Y (t)), G*(X(¢),Y(¢)) >0V (X(¢),Y(t)) € R], where
A =DyG(X*,0) and R/, is the invariant region of the model equations.
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Theorem 5. Let %, denote the basic reproduction number of system (1). The disease-free equilibrium

oky vo
k]kz —vo’ klkz -V

&0 = (8°,V%,E%,A%1°,0° R") = < ,o,o,o,o,o) eR’.

is globally asymptotically stable (GAS) whenever %, < 1.
Proof. Write the system (1) in the form

dX dy
— —F(X), —=0G(X,Y
o ~F&), gr=0&Y),

where
X=(,V,.R Y=(EAILQ/".

Stability of the uninfected subsystem is obtained by setting ¥ = 0 in system (1). This implies that

S

— =0+ 0wR— (v S
dv
—=vS—uv.
dr uv,

r_ —(0+u)R
dt IR

This subsystem is linear and positively invariant in R3 . Solving explicitly gives

limS(r) =S°, 1imV(r)=V° limR(r) =0,

t—oo t—roo t—ro0

where S° and V? are as given above. Hence, the uninfected subsystem is GAS.
For the infected subsystem, we define Y = (E,A,I,Q)”. The infected subsystem can be written as

1704
— =DY -G*(X,Y
dt G'(X.Y),
where
—ks 0 0 0
O] —k4 0 0
D= :
oo Mm —ks O
0 0 Vi —kg
and
AS+(1—p)AV
G'(X,Y) = 8 >0,
0

Notice that D is an M-matrix (negative diagonals, non-negative off-diagonals) and G*(X,Y) > 0 in R’,.

Hence, by the Castillo-Chavez theorem [61, 62], if Z, < 1, the uninfected subsystem dominates
the infection terms in G*(X,Y), which ensures that all trajectories of Y () decay to zero. Therefore, &
is globally asymptotically stable in R, whenever %, < 1. [

Jambura J. Biomath. Volume 7, Issue 1, March 2026 page 10 of 27



Jambura Jsournal of
Afolabi AS and Ridwan A. — Mathematical Modeling of COVID-19: An Optimal ...

3.4. Sensitivity analysis

The sensitivity index (SI) of all the model parameters of system (1) is obtained by calculating
the normalized forward sensitivity index for each parameter of R, with respect to a parameter ¥
[1, 2, 12].

Definition 6. The normalized forward sensitivity index of R, with respect to a parameter ¥, is defined
by
Ry IRy ¥

S‘*’*WX]RTO' (5)

Equation (5) is used to obtain the expression for the SI of each of the parameters of Ry. For
instance, the SI of R with respect to x is given as

R, v 28
SRO = — _— " ——
VT oy YRy T 100

Hence, the sensitivity indices for each parameter of Ry can be derived from eq. (5) and the parameter
values in Table 3.

Table 2. Sensitivity index of Ry

Parameter Sign SI

o +ve  1.0000
0 -ve  0.0107
N +ve 0.2751
u -ve  1.0004
v -ve  0.2753
T -ve  0.0131
Bi +ve  0.0966
B +ve 0.2713
Bs +ve 0.6175
Ba +ve 0.0147
m +ve  0.0063
m -ve  0.2773
Vi -ve  0.5972
1% -ve  0.0110
o] -ve  0.0583
o) -ve  0.0381

Table 2 indicates that the sensitivity indices of the parameters «, v, B1, B2, B3, B4, 11 are positive,
reflecting their direct role in enhancing disease transmission and persistence. In particular, increases
in the effective contact or transmission rates (f,5,,3,84) lead to a higher number of secondary infec-
tions, thereby increasing the basic reproduction number Ry. Similarly, an increase in the recruitment
rate o or the progression-related parameter y; contributes to sustaining transmission within the pop-
ulation. Conversely, the parameters 9, u, v, t, M2, Vi, V2, 01, 0> have negative sensitivity indices,
indicating their suppressive effect on disease transmission or their role in shortening the infectious
period. For instance, the vaccination rate v has a negative sensitivity index because increasing vacci-
nation reduces the pool of susceptible individuals available for infection. By moving individuals from
the susceptible class into a protected or partially protected class, vaccination disrupts transmission
chains and consequently reduces R.

3.4. Optimal control problem (OCP) formulation
The system of COVID-19 dynamics given in system (1) is extended into an OCP by introducing
four time-dependent variables u;(z),i = 1,2,3, where:
1. uy(t) = prevention, including travel restrictions and personal protection;
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2. u,(t) = continuous vaccination of susceptible individuals; and
3. u3(t) = testing, isolation, and treatment of infected individuals.
The description of each of the three control variables is given below:

(i) The control variable 0 < u;(r) < 1 represents preventive efforts, which include personal protec-
tion measures and travel restrictions to minimize exposure to COVID-19. The probability of
COVID-19 transmission from exposed, asymptomatic, symptomatic, or quarantined individuals
to susceptible individuals under u(z) is reduced by (1 —u;(¢)). Therefore, the modified trans-
mission rate is represented as Py = (1 —ui())B;S(¢), fori =1,2,3,4.

(ii) The control variable 0 < u,(7) < 1 accounts for the continuous vaccination of susceptible individ-
uals. Vaccination reduces the susceptible class by migrating them to the vaccinated class. The
vaccination rate of susceptible individuals is represented by P; = vu,(1)S().

(iii) The control variable 0 < u3(r) < 1 captures the efforts to test, isolate, and treat infected indi-
viduals. Testing and isolation aim to detect and quarantine infected individuals early, reducing
their contact with the susceptible population. The term u3(¢) modifies the rate of progression of
infected individuals to the quarantined class, and this rate is represented as Pf = u3(¢)I(t).

Our aim is to minimize the following cost functional

t 3
J(u1,u2,u3) = /Of(K'lE(l)—i-KzA(t)+K3I([)+K4Q(Z))dZ+;Z(Diu%(l), (6)

i=1

subject to the non-linear ordinary differential equations below:

S:OC+’)/V+(DR—(1—ul)QLS—Vuzs—‘uS,

dt
dv
o= vipS — (1 —p)AV —yV — uv,
dE
== (1 —u)AS+(1—p)AV —01E — 0,E — UE,
dA
E = G]E-T]]M_O,A—T]QA—‘UA, (7)
di
E = 62E+T]1u3A—V1]—V21—5I—‘LLI,
d
d—Q:vll—rQ—BQ—,uQ,
t
dR
E:nzAJrsznLrQ—a)R—uR,

and the initial conditions in eq. (2). It should be noted that 7, stands for the maximum or final time
for the implementation of the control strategies. The balancing weight constants for exposed, asymp-
tomatic, infected, and quarantined individuals are represented by k; > 0, i = 1,2,3,4 by respectively.
The terms %(o,-ul?(t), i = 1,2,3,4 represent the costs of implementing prevention measures, continuous
vaccination, testing and isolation of infected individuals, and controlling reinfection of recovered in-
dividuals, respectively. Thus, the main aim is to evaluate the optimal controls uj(z), u3(t), and uj}(z)

such that

where

J(uy (1), u3 (1), u3(¢),) = mind (u (1), u2 (1), u3(¢)),

D = {u;(t) :u(t) €[0,1], 0 <t <ts, i=1,2,3}

are Lebesgue measurable functions.
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3.5. Existence of optimal control problem

To obtain an optimal solution, we first obtain the Lagrangian and Hamiltonian functions for the
OCP consisting of the objective functional eq. (6) and the state system (7). Hence, the Lagrangian of
the OCP is defined as follows:

:%@5@=4mﬂg+@Mﬂ+@uw+mQ@»+;iywﬂﬁ (8)

The Hamiltonian function is formulated by introducing the adjoint variables A(¢), j € {S,V,E,A,1,Q,R}
corresponding to the model’s state variables, defined as:

7
%”:Z(x,g,t)+21i~xi(t), 9
=1

J

where X;(¢) denotes the derivatives of the state variables with respect to time, representing their
dynamics as defined in the control model.

Theorem 7. The optimal control problem given by (6) - (7) with the initial conditions at t = 0, if there
exists (u;(t),u;(t),u3(t)) € @ such that

J(uy (0),u3(1),u3(1)) = min - J(ui (1), u2(1),u3(1)), (10)

uy (1),u (1) ,uz (1)@
then an optimal control exists.

Proof. To prove the results in Theorem 7, the following properties will be established:
i The control set is convex and closed.
ii Non-negative solutions of the system (7) exist and are bounded.
iii The Lagrangian eq. (8) is convex with respect to the control.
iv There exist constants n;,n, > 0 and n3 > 1 such that the Lagrangian eq. (8) is bounded below by
the quantity of the form
ny [|E]™ = np.

(i) Since @ contains all its limit points, the control set & is closed. Hence, given A4 € [0, 1] and any
two arbitrary points x,y € @, where x = (x1,X3,x3) and y = (y1,¥2,y3), we have:

Axi+(1—A)yje @ fori=1,2,3.

The convexity property of the control set eq. (10) is satisfied.
ii The optimal control problem eq. (6) subject to eq. (7) and the initial conditions (2) can be

written in the compact form

W gy +9(. ), an

where

() |+ 1) = (un (), ua(t),u3(1))"
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The linear part is given by

—Vup—u vy 0 0 0 0 (0]
Vi —k, O 0 0 0 0
0 0 —k3 0 0 0 0
2(N) = 0 0 o1 —(Mmuzs+m+u) 0 0 o 1, 12)
0 0 (o) mus —k5 0 0
0 0 0 0 vi —k¢ O
0 0 0 1k \%) T —k7
and the nonlinear part by
o — (1 — Lt]))LS
~(1-p)AV
(I—u)AS+(1—p)AV
G ) = 0 ) (13)
0
0
0

The functions 2(M)# and ¢(1,#') are continuous and bounded on R/, x [0,7/], and satisfy a
Lipschitz condition:

7
| A (W) = A (W2)| <C Y| Whi— Wil (14)
i=1
where (W) =2(M# +<4(N,# ') and C > 0 is independent of #'. Therefore, there exists a
unique, non-negative and bounded solution # (t) € R’ for each Lebesgue measurable control
M,‘(l‘), i=1,2,3.

Since the integrand of the cost functional eq. (6) is convex in u; and the control set is bounded
and closed, Filippov’s existence theorem [63, 64] guarantees the existence of an optimal control

(1’[{71"371%) € Loo([oatf]a [07 1]3)7
that minimizes eq. (6) subject to eq. (7). Furthermore, from eq. (11), we have
| (W) — H(W2)| < P =W, (15)

where P =Y/, J; + |M| < . This shows that 7#(#') is uniformly Lipschitz continuous, hence
the state system has a unique solution.
Consequently, the Lagrangian is decomposed as

$<x7€7t) = ,iﬂ](x,t)—i-fz(é,t),
L (x,t) = KIE 4+ 10A+ 31+ 140,

3
B(Er) = %Z 0 (1),
i=1

Clearly, %4 (&,r) is convex in u, and satisfies

3 3 n
2802 LY 0a2) = m (LIEOPR) "
i=1 i=1

for positive constants ny,ny,n3. Therefore, by Filippov’s theorem, an optimal control exists.
|
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3.5. Optimal Control Chracterization

The Hamiltonian (s#) and the optimality system are derived by applying PMP to the OCPs,
which transforms equations egs. (6) and (7) into a problem of minimizing, pointwise, the Hamiltonian
function .7 with respect to the optimal control u;, i = 1,2,3. Thus, the Hamiltonian function is as
follows:

1 3
H = KE+ 1A+ I+ K0+ 5 Y ow}
i=1
+/ls(a+yv+wk— (1—u)AS — sz—us)
+ 2y (VinS = (1= p)AV =y — V)
—i—lE(]—m 7LS—|— l—p)lV—GlE—GzE—‘uE) (16)
(GIE MuzA — 1A — IJA)
+ N (GQE +MmuzA —vil — vl — ol — ,LLI)
+ 20 (vll— T0— 6Q—uQ>
+/1R<n2A+V2I+rQ— a)R—,uR),
where A; for j=(S,V,E,A,I,Q,R) represents the adjoint variables for the corresponding state variables.

Theorem 8. Given the optimal control u; for i = 1,2,3 and solutions of the state variables S*,V* E*,A*,I*,
Q*,R*, there exist adjoint variables A; for j =S,V,E,A,I,Q,R satisfying

ay_ o
dt ~ 0dj
with the corresponding transversality conditions

Aj(tp) =0, j=(S,V,E,A,1,Q.R, 17)

and the characterization of the control variables is given by:

ui(t) = min{l,max{o’ (Ae — As) S (BIE + BrA+ B3I+ B4 Q) }}’

Q)]

1, max AS_AV)
ab M
= min<{ 1,max mA(}LA _)LI)
. .

that minimizes J(u;(t),u;(t),u3(t)) over &.

= min

Proof. Differentiating the Hamiltonian eq. (16) with respect to each state variable yields

dA 0
71‘5 = _W = As((l —ul)l +Vu2+[.t) —ﬂ,E(l —ul)l —A,Vvuz,
dAy 0
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d;tE = 8;; = — ki +As(1 —u))Bi1S+Av(1—p)B1V — Ag[(1 —up) B1S+ (1 — p)B1V — (01 + 02
+1)] —As01 — A0,

d;f = —a;f = — i+ As(1—u)BoS+ Ay (1= p)BaV = Ap[(1 —ur) oS+ (1 = p) oV ]+ Au(mius - (18)
+ M2+ 1) = Az — Agma,

iil - _ajf = — 13+ As(1 —u1)B3S+Av (1 = p) B3V — Ap[(1 —u1)B3S + (1 — p) B3V] + A (vi
+Va+ 8+ 1) —AgViuz — AgVa,

dth - _%Z = — Ky +As(1 —u1)BaS+Av (1 — p)BaV — Ap[(1 —u1) BaS + (1 — p)BaV] + Ag(T
+O0+U)— AgT,

d;;R = _a;;: =0+ Uu)—Aso.

with the transversality conditions at final time #;:

Ai(t;) =0, i=S,V,E,A,I,QR.
: . : IH _ dH _ IH x
If (x,u) is the optimal solution, then %7~ = &~ = %7~ =0 at u; = u;
oA
o0 o1uy — As (A2 +EB1 +1B3+QB4) S+ Ap (AP + EB1 +1B3+ QPB4) S,
aﬁ = SV),S —SVAV — Uy,
uy
A
FPa MIAr —ilAg — w3us3.
u3

Hence,

. (A —As)(AB2+EBi +1B3+0PB4)S

I/llz )

()]
= Sv(ks—lv)7 (19)
0
_ TIIA(AA — l]) + Vll()L[ — ).Q)
uy = . .

By the definition of standard control and using the bounds on ], we obtain

Olfﬁl*goa
Vi =0 if0< 9 <1,
llfﬁz*zoa

where i =1,2,3 and
(Ae —As)(AB2+ EBi1 +1B3+ OB4)S
()]

B =

Hence, the control for all forms of prevention including travel restrictions, u;, is given in compact
form as
uj(t) = min{1,max {0, }}.
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Figure 2. Evolution of S(r), V(¢), E(¢t) and A(¢t) Subpopulations

Similarly,
0 = Sv(As—Av)
)

Thus, the control for continuous vaccination of susceptible individuals, u is
uy (1) =min{l,max{0,%,}},

and

_ MAG =)
B = T

Therefore, the compact form of the control for testing, isolation and treatment, u3, can be written in
compact form as
uz(t) =min{l,max{0,0:}}.

4. Numerical Results
This section provides the simulation results of the proposed COVID-19 model for both the au-
tonomous and non-autonomous systems, with and without control measures, to demonstrate the
model’s dynamic behavior. The numerical simulations are performed using MATLAB with the ode45
solver. Table 3 defines the parameter values and their sources. The initial conditions, in millions, are
given by:
(So, Vo, Eo, Ao, Io, Q0,Ro) = (10,5,5,1,1,0,0).
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Table 3. Parameter Values

Parameter Numerical Value Source

o 0.00005 [65]
n 0.00005 [1]
[0 0.01762 [49]
B 0.05 [66]
B2 0.1 [67]
B 0.3 [67]
Ba 0.001 Assumed
\% [0,1] Assumed
y 0.1 [68]
o] 0.17 [69]
o 0.15 [54]
m 0.05 Assumed
m 0.071 [54]
Vi 0.2 [1]
%3 0.0036 [70]
6 0.003 [71]
T 0.025 [54]
4.1. Autonomous system
° * Time (days) o ' ’ ® Time (days) o 0 ° * Time (days) o o
(a) Infected Humans (b) Quarantined Humans (¢) Recovered Humans

Figure 3. Evolution of (z), Q(t), and R(¢) Subpopulations

The calculated value of Ry of the system (1) is approximately Ry = 1.1724 using the values of
the parameters in Table 3. Figures 2 and 3 show the results of the numerical simulation of each model
compartment of system (1) over a period of 150 days. Figures 2a and 2b show a rapid decrease in
the number of susceptible and vaccinated individuals. This is largely due to the progression of indi-
viduals from these compartment to the exposed class. Figure 2c indicates that the exposed population
increases in the early days and later decreases as individuals progress to the asymptomatic infected
class. The asymptomatic infected population experienced a slight increase in the first few days and
later begins to decrease rapidly until a near steady state is attained after about 150 days (See Fig-
ure 2d). The number of individuals infected with COVID-19 increases rapidly in the early days. This
class later begins to decrease due to the progression to the quarantined and recovered classes as shown
in Figure 3a. This leads to an increase in the number of individuals quarantined compartment in the
first few days, as shown in Figure 3b. The population then decreases as a result of the decline in the
number of infected individuals. Consequently, there is a rapid increase in the number of recovered
individuals, as shown in Figure 3c.

The effects of varying the rate of vaccination, v, is examined as shown in Figure 4. Figure 4a
shows a slight decrease in the humber of susceptible humans while Figure 4b demonstrates that an
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Figure 4. Simulation showing the effects of vaccination rate (v) on S(¢), V(¢), E(¢), A(z), I(t), Q(t) and
R(t) Compartments

increase in v leads to a corresponding increase in the number of individuals vaccinated against COVID-
19. Figure 4c to 4f respectively show that as v; increases, there is a corresponding decrease in the
population size of each of these classes.

4.2. Non-autonomous system

The iterative forward-backward sweep method (FBSM) combined with the fourth-order Runge-
Kutta scheme is employed to solve the sixteen-dimensional optimality system. This system represents
a two-point boundary value problem, which consists of the state system (1), the adjoint system (18),
and the control characterizations eq. (19) over the given time interval of [0, 150] days. The results are
used to determine the optimal control measures that are needed to mitigate the spread of COVID-19
pandemic in an endemic area.
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Figure 5. Effects of strategy A on COVID-19 Population Dynamics

The weight constants k; where i = 1,2,3 and 4 and «; where i = 1,2, and 3 associated with the

objective functional eq. (6), along with the parameter values , are taken as follows: k; = 10, k, = 15,

K3 =25, k4 = 15, 0; =250, @, =200 and w; = 125. These weight are taken theoretically mainly for the

numerical solution of the proposed OCP.

Different combinations of the optimal control strategies are examined in order to optimize the

objective functional eq. (6). The strategies are:

* strategy A: a combination of optimal prevention, including travel restrictions and personal pro-
tection and continuous vaccination of susceptible individuals.(i.e. u; (r) and u,(¢) with u3(¢t) = 0);

* strategy B: a combination of optimal prevention, including travel restrictions and personal pro-
tection and testing, isolation, and treatment of infected individuals. (i.e. u;(r) and u3(r) with
ur(t) =0);

* strategy C: a combination of optimal continuous vaccination of susceptible individuals and test-
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Figure 6. Effects of strategy B on COVID-19 Population Dynamics

ing, isolation, and treatment of infected individuals(i.e. u»(¢) and u3(¢z) with u; () = 0) and
strategy D: a combination of optimal prevention, including travel restrictions and personal pro-
tection, continuous vaccination of susceptible individuals and testing, isolation, and treatment
of infected individuals. (i.e. u;(¢),uz(z) and us(z)).

strategy A: a combination of optimal prevention, including travel restrictions and personal pro-
tection and continuous vaccination of susceptible individuals.(i.e. u;(¢) and u(¢) with u3(z) = 0)
The first strategy involves a combination of the first two control measures, i.e., optimal pre-
vention (including travel restrictions) and continuous vaccination (u;(¢) # 0, ux(f) # 0, and
uz(t) = 0). Figures 5a and 5b show the effects of these two control measures, which rapidly
increase the population of susceptible and vaccinated individuals compared to the case without
control. The sizes of the exposed, asymptomatic, infected, quarantined, and recovered popula-
tions decrease compared to the uncontrolled scenario due to the implementation of this strategy,
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Figure 7. Effects of strategy C on COVID-19 Population Dynamics

as shown in Figure 5e to 5c. Figure 5h illustrates the control profile, showing how these two
control measures should be implemented effectively. Thus, the graphical results of Strategy A
indicate that the implementation of the two control measures can significantly minimize the
spread of COVID-19.

strategy B: a combination of optimal prevention, including travel restrictions and personal
protection and testing, isolation, and treatment of infected individuals(i.e. u(¢)andus(t) with
us (t ) = 0)

This strategy combines optimal prevention (including travel restrictions and personal protec-
tion), as well as testing, isolation, and treatment of infected individuals, i.e., (u;(z) # 0, us(t) #0,
and u;(¢) =0). Figure 6a shows a rapid increase in the population of susceptible individuals. This
is as a result of the rapid decrease in the number of infected individuals within the same period,
as shown in Figure 6e. Figure 6b indicates that the implementation of this strategy slightly in-
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Figure 8. Effects of strategy D on COVID-19 Population Dynamics

creases the vaccinated class. Furthermore, Figures 6¢ and 6d show a decrease in the number of
exposed and asymptomatic individuals compared to the case without control. Figure 6f depicts
an increase in the number of quarantined individuals. Thereafter, this population decreases due
to the reduction in the number of infected individuals. Similarly, Figure 6g shows a decrease in
the number of individuals who recover from COVID-19. Figure 6h provides the control profiles
illustrating how these two control measures should be implemented. Thus, Strategy B proves to
be highly effective in minimizing the spread of COVID-19.
* strategy C: a combination of optimal continuous vaccination of susceptible individuals and test-
ing, isolation, and treatment of infected individuals(i.e. u>(¢) and u3(¢z) with u () =0)
Strategy C involves a combination of continuous vaccination of susceptible individuals and test-
ing, isolation, and treatment of infected individuals, i.e., (u2(r) #0, uz(t) #0, and u; (1) = 0). The
implementation of this strategy has no significant effect on the susceptible class (See Figure 7a).
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While Figure 7b reveal that the vaccinated class increases slightly, Figure 7c indicate no signifi-
cant change in the population of exposed individuals. Furthermore, Figure 7d shows an increase
asymptomatic populations when compared to the case without control. Figure 7e shows a small
increase in the number of infected individuals compared to the case without control. Figures 7f
and 7g depict rapid increases in the number of quarantined and recovered individuals. Figure 7h
provides the control profiles indicating that the two control measures should be implemented at
the maximum levels throughout the intervention period. Thus, strategy C proves to be highly
effective in minimizing the spread of the disease.

* strategy D: a combination of optimal prevention, including travel restrictions and personal pro-

tection, continuous vaccination of susceptible individuals and testing, isolation, and treatment
of infected individuals(i.e. u;(¢), up(¢) and u3(t))
Figure 8 shows the dynamics of the system under the combination of all the control measures,
i.e., optimal prevention (including travel restrictions and personal protection), continuous vac-
cination of susceptible individuals, and testing, isolation, and treatment of infected individuals
ui(t),us(t),and u3(t). As shown in Figure 8a, there is a significant increase in the number of
susceptible individuals when all these control measures are fully implemented. Figure 8b shows
a rapid increase in the number of vaccinated individuals compared to the case without con-
trol. Figure 8c indicates a decrease in the exposed population, leading to a significant reduction
in the infected population (see Figures 8d and 8e). In addition, Figures 8e and 8f show that
the quarantined and infected populations increases at the initial stage but later decreases when
compared to the case without control. Figure 8g shows a significant decrease in the number
of individuals who recover from COVID-19. Figure 8h indicate that the three control measures
are to be implemented at the maximum levels throughout the intervention period. Thus, the
combination of all the control measures proves to be the most effective strategy in minimizing
the spread of COVID-19.

5. Conclusion

An autonomous system consisting of seven mutually exclusive classes is proposed and analyzed.
The fundamental properties of the model solutions are examined to establish its positivity and well-
posedness. The disease-free equilibrium point of the model is shown to be LAS when %, < 1 and
unstable when %, > 1. A sensitivity analysis is conducted to assess the relative impact of various
model parameters on the transmission dynamics of COVID-19. In particular, the influence of the
vaccination rate, v, on the disease spread is evaluated. The findings indicate that increasing the vacci-
nation rate significantly reduces the number of asymptomatic, infected, and quarantined individuals.
Based on the findings from the sensitivity analysis, the model is extended to a non-autonomous system
by introducing three different control variables: prevention, including travel restrictions and personal
protection; continuous vaccination of susceptible individuals; and testing, isolation, and treatment
of infected individuals. Pontryagin’s maximum principle and optimal control theory are used to an-
alyze the OCP. The effects of the four different control strategies each involving at least two of the
control variables are investigated on the transmission dynamics of the disease. The numerical sim-
ulations established a distinct hierarchy of effectiveness among the control strategies, demonstrating
that while all dual-control approaches (A, B, C) contributed to reducing transmission, the integrated
triple-control Strategy D provided markedly superior suppression of the epidemic, underscoring the
critical advantage of a comprehensive, combined intervention approach.
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