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Abstract. The narrowing of retinal blood vessels, especially in conditions involv-
ing branch retinal artery occlusion (BRAO), can cause gradual and painless vi-
sion deterioration. Such vascular obstruction is also a contributing factor to eye
stroke. This study investigates the influence of three asymmetric stenosis geome-
tries, namely Bell–Cosine, Cosine–Overlapping, and Bell–Overlapping, on fluid
flow characterized as Newtonian, incompressible, and steady. The mathemati-
cal formulation is derived from the Navier–Stokes equations, discretized using the
Finite Volume Method (FVM) and solved through the Semi-Implicit Method for
Pressure-Linked Equations (SIMPLE) algorithm. Numerical simulations are per-
formed in MATLAB with variations in stenosis length. The results demonstrate
how different geometric shapes and stenosis lengths affect blood flow rate and
pressure distribution. Among all configurations, the Bell–Cosine geometry consis-
tently produces a flow rate above the normal threshold and a pressure level below
the normal range for each stenosis length (40 µm, 50 µm, 60 µm, 70 µm), com-
pared with the other geometries. For every geometric arrangement, stenosis length
plays a role in altering the flow behavior and pressure field around the constric-
tion, while the peak velocity and peak pressure remain essentially unchanged.
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1. Introduction
Mathematics is a foundational discipline that significantly contributes to societal development

by providing tools to understand various objects, phenomena, and underlying mechanisms within
specific fields [1]. One important branch of applied mathematics is Computational Fluid Dynamics
(CFD), which focuses on analyzing systems involving fluid motion. This approach is widely used to
simulate numerous physical processes, including the flow of blood through arteries and veins [2–4].
Among the medical conditions related to arterial circulation is ocular stroke, a disorder characterized
by blockage within the retinal vasculature [5, 6]. One form of retinal arterial stenosis frequently
encountered is Branch Retinal Artery Occlusion (BRAO). BRAO refers to an obstruction occurring in
the smaller branches of the retinal arteries, most commonly in the temporal region. This blockage
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typically arises from emboli, vasculitis, coagulation abnormalities, migraine-induced vasospasms, or
inflammatory responses. Of these, embolic obstruction is the predominant cause, with emboli often
originating from cholesterol deposits, calcium fragments, or platelet aggregates. BRAO may also de-
velop as a result of retinal vessel dilation (macroaneurysm), which can trigger turbulent flow leading
to occlusion, as well as inflammation and vasospasm. Several risk factors increase susceptibility to this
condition, including hypertension, carotid occlusive disease or atherosclerosis, coronary heart disease,
and elevated cholesterol levels [7]. Previous research indicates that many patients can still retain rel-
atively good vision by undergoing appropriate medical evaluation [8]. In cases of BRAO caused by
macroaneurysm, combined anti-VEGF therapy and focal laser treatment have been shown to produce
substantial improvement in visual outcomes [8, 9].

A number of researchers have explored the issue of vascular occlusion. Kumar and Kumar
(2023) investigated various stenosis geometries in blood vessels and demonstrated that arterial wall
shape, magnetic field effects, and the Darcy number significantly influence blood flow velocity, partic-
ularly in bell-shaped stenoses [10]. Meanwhile, the study by Fatahillah, Widodo, and Roslan (2025)
analyzed Branch Retinal Artery Occlusion and found that a stenosis thickness of 90% poses severe risk
because both blood flow velocity and pressure exceed normal physiological ranges [4, 9, 11]. In this
simulation, blood is considered a Newtonian fluid with incompressible and steady properties.

Recent contributions published in the Jambura Journal of Biomathematics also illustrate the
breadth of mathematical approaches currently being applied to biomedical problems. Aruchamy et
al. converted Doppler-based fetal heart blood-flow information into an intuitionistic fuzzy total edge
magic labelling framework to interpret fetal heart rate patterns, whereas Das et al. formulated a
fractional-order leukemia model and investigated its qualitative properties through stability analy-
sis and numerical simulation [12, 13]. Although these studies address different biomedical systems,
they demonstrate that physiological interpretation, mathematical structure, and computational anal-
ysis can be integrated effectively within a biomathematical setting. This perspective is relevant to
the present BRAO study, where clinically meaningful retinal hemodynamics are likewise examined
through mathematical modeling and numerical computation.

Despite these advances, previous hemodynamic studies have primarily focused on isolated steno-
sis shapes, symmetric constrictions, or single-geometry analyses, leaving the comparative behavior of
compound asymmetric stenosis configurations in Branch Retinal Artery Occlusion (BRAO) insuffi-
ciently understood. In particular, the influence of stenosis length has rarely been investigated as an
independent geometric parameter under identical retinal hemodynamic conditions.

Therefore, this study introduces several contributions. First, it provides a comparative hemo-
dynamic analysis of three asymmetric composite stenosis geometries—Bell–Cosine, Bell–Overlapping,
and Cosine–Overlapping—specifically in the context of BRAO. Second, the study systematically ex-
amines the influence of geometric variations, including differences in stenosis thickness (severity)
and normalized stenosis length along the arterial segment. Third, the research analyzes how these
geometric variations affect not only the magnitude but also the spatial distribution of velocity and
pressure fields within the retinal artery. Finally, the proposed mathematical model is implemented
using a MATLAB-based finite volume framework and validated through ANSYS FLUENT simulations,
providing cross-platform numerical verification that enhances the robustness and reliability of the
predicted hemodynamic behavior. This study is the first to compare three asymmetric stenosis geome-
tries (Bell–Cosine, Bell–Overlapping, and Cosine–Overlapping) under identical BRAO conditions and
to systematically analyze the influence of stenosis length on the spatial distribution of velocity and
pressure. Furthermore, the combined MATLAB–ANSYS workflow serves as a two-stage verification
mechanism, further strengthening the reliability of the numerical results.
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2. Mathematical Formulation
The mathematical model used in this problem is the continuity equation and the momentum

equation:

∂ui

∂x
= 0,

∂ui

∂ t
+

∂ (uiu j)

∂x
= − 1

ρ
∇P+µ

∂ui

∂x
.

The depiction of the problem regarding variations in stenosis geometry can be represented in
the following Figure 1 [10].

Figure 1. Asymmetric Bell–Cosine Shaped Stenosis.

Model equations for asymmetric Bell–Cosine shaped geometry:

R1,2(z) =
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Figure 2. Asymmetric Cosine–Overlapping Shaped Stenosis.

Model equations for asymmetric Cosine–Overlapping shaped geometry:

R2,3(z) =
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R0, otherwise,
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Figure 3. Asymmetric Bell–Overlapping Shaped Stenosis.

Model equations for asymmetric Bell–Overlapping shaped geometry:

R1,3(z) =


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with
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where:

R1(z) = radius of the artery with Bell-shaped stenosis,

R2(z) = radius of the artery with Cosine-shaped stenosis,

R3(z) = radius of the artery with Overlapping-shaped stenosis,

R0 = radius of the normal artery,

δs1 = peak height of the Bell-shaped stenosis,

δs2 = peak height of the Cosine-shaped stenosis,

δs3 = peak height of the Overlapping-shaped stenosis,

Lo1 = total length of the Bell-shaped stenosis,

Lo2 = total length of the Cosine-shaped stenosis,
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Lo3 = total length of the Overlapping-shaped stenosis,

d1 = location of the Bell-shaped stenosis,

d2 = location of the Cosine-shaped stenosis,

d3a = location of the first curve of the Overlapping-shaped stenosis,

d3b = location of the second curve of the Overlapping-shaped stenosis,

z = flow direction,

L = artery length,

m = constant parameter.

The boundary conditions are:

u(z, t) = 0, v(z, t) = 0,
∂u
∂ z

(z, t) = 0 at R = 0,

u(z, t) =
∂R
∂ t

, w(r,z, t) = 0 at R = R(z, t).

The study provides the inlet velocity value at x = 0, as shown in the following equation in [9]:

u = 2U0

(
1−
(

r
R(z)

)2
)
.

3. Methods
The initial stage of this research involves formulating the mathematical model that will serve

as the basis for simulation and analysis. The model is constructed from the Navier–Stokes equations,
which govern fluid motion, and is modified to reflect the properties of the blood flow and the specific
stenosis geometries under investigation. The stenosis configurations examined in this study consist of
the Asymmetric Bell–Cosine, Cosine–Overlapping, and Bell–Overlapping shapes. Once the model is
defined, it is discretized using the Finite Volume Method (FVM), a numerical technique that partitions
the computational domain into a series of control volumes, each enclosed by control surfaces [14–
16]. After discretization, the governing equations are solved using the SIMPLE (Semi-Implicit Method
for Pressure-Linked Equations) algorithm, which applies a predictor–corrector approach for pressure
calculation on a staggered grid system. This procedure is typically illustrated through steady, laminar,
two-dimensional flow in Cartesian coordinates [2, 17, 18]. This workflow is consistent with recent
JJBM studies that combine formal mathematical models with qualitative analysis or computational
procedures to interpret biomedical phenomena [12, 13].

Although retinal arteries are relatively small (200–300 µm in diameter), several studies have
shown that the Newtonian fluid assumption remains reasonable when the vessel diameter exceeds
150 µm, since the shear rate is sufficiently high to reduce non-Newtonian effects [4, 15]. Therefore,
the Newtonian model is considered appropriate for BRAO simulations and has also been adopted in
similar CFD studies.

MATLAB was initially used to perform preliminary two-dimensional finite volume method (FVM)
simulations to evaluate the effect of stenosis length. These initial simulations served as a verification
step before proceeding to a more comprehensive three-dimensional analysis. Subsequently, the refined
3D geometry was constructed and meshed in ANSYS Workbench, followed by the specification of
boundary conditions in ANSYS FLUENT. The 3D simulations were then carried out in ANSYS FLUENT
to capture more detailed flow features, including recirculation zones and pressure distribution. Finally,
the results obtained from MATLAB and ANSYS FLUENT were compared, validated, and interpreted to
support the final conclusions of the study [19, 20].
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4. Results and Discussion
From the literature review, several parameters influencing blood flow rate and pressure dis-

tribution in the presence of stenosis within the retinal artery were identified [21–23]. The first
stage of the analysis involved conducting simulations to evaluate how variations in stenosis length
affect blood flow rate across all geometric configurations, namely Bell–Cosine, Bell–Overlapping, and
Cosine–Overlapping, using MATLAB. These simulations were performed with an initial inlet velocity
of 0.3 m/s and stenosis length variations of 40 µm, 50 µm, 60 µm, and 70 µm.

Table 1. Values of parameters for blood flow rate in BRAO.

Parameters Values
Retinal artery diameter 265±20 µm

Blood density 1.054−1.060
kg
m3

Viscosity 0.003
kg
ms

Hypertensive blood pressure Systolic: > 140 mmHg; Diastolic: > 90 mmHg

Velocity artery 0.19−0.49
m
s

Initial velocity 0.3
m
s

Pressure 17331 Pa

Thermal conductivity 0.44
W
mK

Based on the simulation results presented in Figure 4, the Bell–Cosine geometry consistently
produces a maximum velocity of approximately 1.49

m
s

for all stenosis length variations, as shown

by the dark red regions in the plot. This confirms that the peak velocity remains essentially un-
changed regardless of the stenosis length. The overall velocity profile displays a bell-shaped pattern,
characterized by smooth increases and decreases around the center of the stenosis. As the stenosis
length becomes longer, the region corresponding to higher velocities gradually expands, indicating
that although the peak velocity value remains nearly constant, its spatial distribution broadens with
increasing stenosis length.

Figure 4. Velocity for Bell–Cosine geometry.

In addition, Figure 5 illustrates that the Bell–Overlapping geometry produces a maximum ve-
locity of approximately 0.94

m
s

at the center of the domain for all stenosis length variations. This
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value remains unchanged for stenosis lengths of 40 µm, 50 µm, 60 µm, and 70 µm, suggesting that the
peak velocity for this geometry is largely unaffected by changes in stenosis length. The velocity profile
displays a symmetric bell-shaped pattern, indicating a relatively uniform flow behavior around the
stenotic region. As the stenosis length increases, the axial velocity distribution becomes broader, even
though the magnitude of the peak velocity itself does not rise.

Figure 5. Velocity for Bell–Overlapping geometry.

Figure 6 displays the simulation results for the Cosine–Overlapping geometry, which produces a
maximum velocity of about 0.94

m
s

. As observed in the Bell–Overlapping configuration, the peak ve-

locity for the Cosine–Overlapping shape remains fairly constant across all variations in stenosis length.
The resulting velocity profile takes on a more elliptical form, characterized by smooth transitions on
both sides of the peak region. As the stenosis length increases, this elliptical pattern becomes wider
and more distinct, indicating an expansion of the high-velocity region within the flow field.

Figure 6. Velocity for Cosine–Overlapping geometry.

From the simulations conducted on all three stenosis geometries across multiple length varia-
tions, it is evident that the Bell–Cosine configuration consistently generates the highest peak velocity
among the models examined. Its maximum velocity reaches approximately 1.49

m
s

, which is con-
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siderably higher than the roughly 0.94
m
s

peak observed in both the Bell–Overlapping and Cosine–

Overlapping geometries. This suggests that the geometric shape of the stenosis has a stronger impact
on flow behavior than the stenosis length alone. The sharper and more concentrated narrowing char-
acteristic of the Bell–Cosine shape likely leads to greater fluid acceleration through the constricted
region. Furthermore, although variations in stenosis length do not substantially alter the peak ve-
locity across the three geometries, they do influence the extent of the high-velocity zone, causing it
to widen as the stenosis becomes longer. In addition, the predicted velocity range

(
0.19 – 0.49

m
s

)
is consistent with physiological ranges reported in Goldenberg et al. [22] and Ding et al. [23], in-
dicating that the model is aligned with clinically observed hemodynamic conditions. From a clinical
perspective, the widening of disturbed flow regions associated with longer stenosis lengths may cor-
respond to a broader area of impaired perfusion in the retinal artery, potentially increasing the risk of
localized ischemic effects. In addition, the high-velocity jets generated in the Bell–Cosine geometry
may elevate wall shear stress near the stenotic throat, which could contribute to endothelial stress and
may increase the risk of thrombus formation in Branch Retinal Artery Occlusion (BRAO).

Figure 7. Velocity Profile for Different Stenosis Lengths Across All Geometric Shapes.

Next, based on the simulation results shown in Figure 7, the Bell–Cosine geometry exhibits a
minimum pressure of approximately 17,292 Pa across all four stenosis length variations. The pressure
profile forms an inverted bell-shaped curve, indicating that as the stenosis length increases, the low-
pressure region becomes wider. This means that although the minimum pressure value remains nearly
constant, the area experiencing the lowest pressure expands with increasing stenosis length.

Furthermore, Figure 8 illustrates that the Bell–Overlapping geometry yields a minimum pressure
of approximately 17,306 Pa for all stenosis length variations, as shown by the dark blue regions in the
MATLAB simulation output. The pressure profile forms an inverted bell-shaped curve with a slight
indentation near the minimum point, which gradually expands as the stenosis length increases. This
indicates that while the minimum pressure value remains unchanged, increasing the stenosis length
only broadens the region where the lowest pressure occurs.

Next, Figure 9 shows MATLAB simulation results indicating that the region with the lowest
pressure (represented by the dark blue area) expands as the stenosis length increases. From the graph,
it is evident that variations in stenosis length do not significantly influence the maximum pressure of
the fluid flow. This observation is consistent with the MATLAB output, where the pressure profile shifts
outward as the stenosis length becomes longer.

Based on the pressure simulations for all three geometries across the four stenosis length vari-
ations, it can be concluded that the Bell–Cosine geometry produces the lowest minimum pressure
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Figure 8. Pressure Distribution Generated by MATLAB for Bell–Cosine Geometry.

Figure 9. MATLAB Numerical Pressure Output for the Bell–Overlapping Stenosis Model.

among the stenosis configurations. Its minimum pressure reaches approximately 17,292 Pa, which is
lower than that of the Bell–Overlapping and Cosine–Overlapping geometries, both of which show a
minimum pressure of about 17,306 Pa. This indicates that the geometric shape of the stenosis has a
stronger influence on pressure behavior than the stenosis length itself. The double-curved structure
characteristic of the Overlapping geometries may contribute to their reduced sensitivity to pressure
changes. Similar to the velocity results, variations in stenosis length do not alter the minimum pres-
sure value but do expand the region experiencing low pressure. Furthermore, the predicted minimum
pressure range (17.29–17.31 kPa) is consistent with physiological values reported in Goldenberg et al.
[22] and Ding et al. [23], indicating that the model remains well aligned with clinically observed
hemodynamic conditions. From a clinical perspective, the presence of lower pressure and the widen-
ing of the low-pressure region in longer stenosis segments may indicate a broader area of reduced
perfusion within the retinal artery. Such conditions can potentially contribute to retinal hypoper-
fusion and ischemia, which are key pathological mechanisms associated with Branch Retinal Artery
Occlusion (BRAO). Reduced perfusion pressure in the retinal circulation can impair oxygen and nutri-
ent delivery to retinal tissues, potentially leading to localized ischemic injury and visual field defects.
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Figure 10. Pressure Distribution Generated by MATLAB for Cosine–Overlapping Geometry.

Figure 11. Pressure Profiles Under Stenosis Length Variations for All Geometric Configurations.

Clinical investigations have reported that insufficient retinal perfusion is strongly associated with the
development of ischemic retinal damage and progressive visual impairment in BRAO patients. Previ-
ous ophthalmologic studies have also emphasized that alterations in retinal blood flow and perfusion
pressure play a crucial role in the onset and progression of retinal arterial occlusive diseases, particu-
larly in regions downstream of arterial narrowing where tissue oxygen supply becomes compromised
[24, 25]. These findings support the physiological relevance of the present simulation results and sug-
gest that the predicted low-pressure regions may correspond to clinically significant zones of potential
retinal ischemia.

A mesh-independence study was performed using element sizes of 0.02 mm, 0.015 mm, and
0.01 mm. The difference in peak velocity between the two finest meshes was less than 1.2%, indi-
cating satisfactory mesh convergence and numerical stability of the solution. Model validation was
carried out by comparing the predicted physiological pressure (17.2–17.4 kPa) and velocity range(

0.19 – 0.49
m
s

)
with experimental and clinical values reported by Goldenberg et al. [22] and Ding

et al. [23]. The close agreement between the simulation results and previously reported physiological
data confirms the reliability of the numerical model in representing retinal hemodynamic conditions.
Furthermore, the use of a finite volume framework implemented in MATLAB, combined with verifi-
cation through ANSYS FLUENT simulations, provides additional cross-platform confirmation of the
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numerical accuracy and robustness of the predicted flow behavior under Branch Retinal Artery Occlu-
sion (BRAO) conditions.

Figure 12. Wall Shear Stress Distribution with Bell–Cosine Geometry.

Figure 12 illustrates the wall shear stress (WSS) distribution in a bifurcated retinal artery with
Bell–Cosine stenosis geometry, representing conditions related to Branch Retinal Artery Occlusion
(BRAO). The WSS values range from approximately 0.010 Pa to 30.851 Pa. In most parts of the vessel,
the WSS remains relatively low, generally below 6 Pa, which is indicated by the dark blue contours and
corresponds to regions where the vessel diameter is wider and the flow is more stable. A significant
increase in WSS occurs at the stenosis throat, where the vessel narrowing causes the blood flow to
accelerate, resulting in higher shear stress values between 21.599 Pa and 30.851 Pa. This indicates that
the strongest mechanical forces act on the arterial wall at the narrowest part of the vessel. After the
flow passes through the stenosis, the WSS gradually decreases to moderate values between 9.262 Pa
and 18.515 Pa due to the expansion of the flow. Further downstream, the WSS returns to lower values
as the flow becomes more stable. In the context of BRAO, this pattern suggests that the stenotic region
experiences the highest shear stress, which may contribute to endothelial damage and disturbances in
retinal blood circulation.

Figure 13. Wall Shear Stress Distribution with Bell–Overlapping Geometry.

Figure 13 shows the wall shear stress (WSS) distribution in a bifurcated retinal artery with
Bell–Overlapping stenosis geometry, representing the hemodynamic condition associated with Branch
Retinal Artery Occlusion (BRAO). The WSS values range from approximately 0.003 Pa to 23.615 Pa.
In most regions of the vessel, the WSS remains relatively low, generally below 4.725 Pa, which is
indicated by the dark blue contours and corresponds to wider vessel regions where the blood flow is
relatively stable. A noticeable increase in WSS occurs at the stenosis throat, where the narrowing of
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the artery accelerates the blood flow and produces higher shear stress values between 16.531 Pa and
23.615 Pa, represented by yellow to red colors. This indicates that the strongest mechanical forces
act on the vessel wall at the most constricted region. After passing through the stenosis, the WSS
gradually decreases to moderate values of approximately 7.086 Pa to 14.170 Pa as the flow expands and
the velocity gradient near the wall becomes smaller. Further downstream, the WSS returns to lower
values as the flow stabilizes along the arterial branches. In the context of BRAO, this pattern suggests
that the stenotic region experiences the highest shear stress, which may contribute to endothelial
stress and disturbances in retinal blood circulation.

Figure 14. Wall Shear Stress Distribution with Cosine–Overlapping Geometry.

Figure 14 shows the wall shear stress (WSS) distribution in a bifurcated retinal artery with
Cosine–Overlapping stenosis geometry, representing hemodynamic conditions associated with Branch
Retinal Artery Occlusion (BRAO). The WSS values range from approximately 0.007 Pa to 18.917 Pa.
In most regions of the artery, the WSS remains relatively low, generally below 3.789 Pa, which is
indicated by the dark blue contours and corresponds to wider vessel areas where the blood flow is
relatively stable. A clear increase in WSS occurs at the stenosis throat, where the vessel narrowing
accelerates the blood flow and produces higher shear stress values between 13.244 Pa and 18.917 Pa,
represented by yellow to red colors. This indicates that the strongest mechanical forces act on the
vessel wall at the most constricted part of the artery. After the blood passes through the stenotic
region, the WSS gradually decreases to moderate values between 5.680 Pa and 11.353 Pa as the flow
expands and the velocity gradient near the wall becomes smaller. Further downstream, the WSS
returns to lower values as the flow becomes more stable along the arterial branches. In the context of
BRAO, this distribution suggests that the stenosis region experiences the highest shear stress, which
may influence endothelial stress and contribute to disturbances in retinal blood circulation.

Based on the three geometries shown in Figures 12 to 14, differences in wall shear stress (WSS)
distribution indicate varying levels of hemodynamic risk associated with Branch Retinal Artery Oc-
clusion (BRAO). The Bell–Cosine geometry exhibits the highest WSS values, reaching approximately
30.851 Pa at the stenosis throat, indicating a strong acceleration of blood flow through the narrowed
region and producing the largest mechanical stress on the arterial wall. In comparison, the Bell–
Overlapping geometry shows a lower peak WSS of about 23.615 Pa, suggesting a moderate level of
shear stress concentration in the stenotic region. Meanwhile, the Cosine–Overlapping geometry pro-
duces the lowest peak WSS, around 18.917 Pa, indicating a relatively weaker shear stress intensity
compared to the other two geometries. Although all three cases demonstrate similar patterns, where
WSS increases significantly at the stenosis throat and decreases downstream due to flow expansion,
the magnitude of the peak stress differs considerably. In the context of BRAO, higher WSS at the
stenotic region can increase endothelial stress and potentially accelerate vascular damage or plaque
instability. Therefore, among the three geometries, the Bell–Cosine stenosis appears to present the
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highest hemodynamic risk for BRAO, followed by Bell–Overlapping, while Cosine–Overlapping shows
the lowest relative risk due to its smaller peak WSS and more moderate shear stress distribution.

5. Conclusion
This study has investigated the effect of varying stenosis lengths in BRAO by simulating how

these constrictions influence blood flow behavior. Using stenosis lengths ranging from 40 to 70 µm,
the key findings of this research can be summarized as follows:

1. The Bell–Cosine geometry exhibits the highest velocity and the lowest pressure among all steno-
sis shapes, across every length variation. These conditions may pose potential risks, as elevated
velocity and reduced pressure can contribute to more severe flow disturbances.

2. Stenosis length does not significantly affect the maximum velocity or minimum pressure. In-
stead, variations in length primarily influence the width of the velocity and pressure curves.
This indicates that stenosis length affects the distribution of the flow field rather than the peak
values of velocity or pressure.

3. The wall shear stress (WSS) distribution is strongly influenced by the stenosis geometry. Among
the three models, the Bell–Cosine geometry produces the highest peak WSS, followed by the
Bell–Overlapping and Cosine–Overlapping geometries. Higher WSS occurs at the stenosis throat
due to flow acceleration in the narrowed region, indicating greater mechanical stress on the
vessel wall and a higher potential risk for hemodynamic disturbance in BRAO.

Overall, the simulation results demonstrate that the proposed model is effective for evaluating blood
flow velocity and pressure in cases of BRAO.
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